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In an earlier article [ 1 ] one of us discussed the convergence properties 
of improper integrals of the form 
s 
cc sin(x) 
s 
cc 
dx and 
cos(x) 
dx, (1) a f(x) + k(x) sin(x) 9 f(x) + k(x) sin(x) 
where f(x) is positive and increasing, f(x) + co, and k(x) is positive and 
bounded. These integrals are interesting when the integral jz (l/j(x)) dx is 
divergent; consequently the oscillation in the numerator of the integrand is 
then necessary for convergence. The principal feature of these problems is 
the curious manner in which the conditional convergence of the integrals 
may be affected by the presence in the denominator of the integrand of a 
bounded oscillatory perturbation. Integrals such as these arise in the 
analysis of the discrete spectra of Dirac Operators [2]. 
In the present paper we prove the following theorem which extends some 
of the earlier results, allowing now for a frequency parameter I in the 
principal oscillation of the integrand. 
THEOREM. Let f(x) and h(x)f(x) b e continuous and increasing, with 
f(cc) > 1, h(a) > 0, and h(x)f(x) -+ cc as x -+ co. Let N be a positive integer 
and let the integral 
s 
cc 1 
z h(x) f”(x) dx 
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diverge for n = N and converge for n = N + 1. For real 1 let 
J(l)= jm 
sin(Lx) 
I h(x){ f(x) + sin(x)} dx 
and 
K(n)=]-= 
cos(/lx) 
a h(x){f(x) + sin(x)} dx’ 
Then 
(A) J(A) is convergent except if 1 is an odd integer and 111 <N; in the 
divergent cases the divergence is to ( - 1)‘” + 13’2co. 
(B) K(l) is convergent except if 1 is an even integer and 111 <N; in 
the divergent cases the divergence is to ( - 1 )1’2cc. 
An example which illustrates this theorem is obtained if we choose 
h(x) =x1/’ and f(x) = x1/*’ (see Example (1)). The theorem then gives that 
the following integral is convergent for all real 1. except if I;11 is an odd 
integer less than 16: 
(2) 
We also discuss some other examples at the conclusion of the article. 
We now state and prove a lemma and then proceed to the proof of the 
theorem. 
LEMMA. Let g(x) be continuous and increasing, with g(a) >O and 
g(x) -+ 00 for x + co, and let 11” (l/g(x)) dx be divergent. For real I > 0 and 
non-negative integral n let 
JnV)=s 
m sin(Ax) sin”(x) dx 
&T(x) 
and 
cl 
K,(a) = lrn cos(a~j~~n(x) d,y. 
OL 
Then 
(A) J,,(A) is convergent except if A and n are odd integers and A < n; 
in the divergent cases the divergence is to ( - 1)‘” ~ “‘*oz. 
(B) K,(l) is convergent except if 1 and n are even integers and I < n ; 
in the divergent cases the divergence is to ( - 1 )1’2cc. 
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Prooj We make use of the following well-known identities in which k 
is a positive integer and XE [w: 
We consider first the integral J,(i) for the case in which n is odd. We 
can therefore write n in the form n = 2k - 1 with k a positive integer, and 
substitute the right side of (3) for the factor sin”(x) in the integrand of 
J,(A). We obtain a formal weighted sum of k improper integrals (“formal” 
because some of them may be divergent), each having the form 
L(%) = i‘ 
oo sin(ix) sin(2(k -j) - 1)x Ax, 
I g(x) 
By applying elementary trigonometric identities we see that L(i) may in 
turn be written as the formal sum L(%) = i{L-(i)- L+(A)], where 
L-(l)= j 
co cos(l- q)x 
5L g(x) 
dx, L+(i)= j 
= cos(l+ q)x 
g(x) 
dx, 
I 
and q = 2(k -j) - 1 > 0. Now, since g(x) is monotone increasing without 
bound and g(a) > 0, L+(I) is convergent because A + q > 0 and so the 
integrand always has a non-constant cosine factor; however, the cosine 
factor in the integrand of Lp (A) is constant in the single case q = A. In that 
case JZk- i(A) is the formal sum of 2k integrals, only one of which is 
divergent; consequently J,, ~ ,(A) is itself divergent. Referring to (3) the one 
divergent term in the sum is 
(-l)“-’ (-l)k-(i.+lW 2k-1 
22k- 1 k-(2+1)/2 
This is divergent to ( -1))~‘A+‘)‘2co, that is, to ( -1)“P’)‘2co, hence so 
is J 2kPl(A). Thus J,(A) diverges in this way when ;1 =q= 2k- 1, 
2k - 3, . . . . 3, 1, that is, when A =n, n-2, . . . . 3, 1. 
Next we consider the integral J,,(l) when n is even. The conclusion for 
JO(A) is obvious, so we may omit the case n = 0 and write n = 2k with k a 
positive integer. If we substitute the sum on the right side of (4) for the 
factor sin2k(x) in the integrand of JZk(A), and then employ elementary 
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trigonometric identities we see that every improper integral in the formal 
sum for Jzk(L) is convergent, whatever value is chosen for the parameter 1, 
hence so is Jzk(J). 
The remaining two cases, namely K,(1) for n odd and for n even, are 
proven in an analogous way, thus establishing conclusion (B). 1 
Proof of the Theorem. (i) Since 
we may write formally 
N-l 
J(n) = 1 (- l)“J,(k) + (- l)N&.,(a), (5) 
I?=0 
where 
m sin(lx) sin”(x) 
Jn(a)=jx h(x)f”+‘(x) dx 
and 
M4=JW sin(;lx) sinN(x) z h(x)fN(x){f(x)+ sin(x)) dx’ (7) 
Using the monotony off, we obtain 
for x > a, and so the integrand of RN(A) has modulus at most 
1 f(u) 
.I-(@) - 1 h(x) f”’ ‘(4 
since h and fare positive. Thus the integral RN(k) is convergent. 
(ii) Sincef(x) and h(x)f( x are positive, continuous, and increasing, ) 
so is h(x)f”+‘(x) for n=O, 1,2, 3, . . . . Also for each of these values of n, 
h(x) f”+‘(x) > h(x) j(x) + co as x -+ co. Further 
1 j-N-“- l(x) 1 
h(x)j-“+‘(x)=h(x)fN(x)‘h(x)fN(x) 
for n<N-1 and xacr; 
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consequently the integral 
is divergent for n -C N. These facts enable us to apply the lemma with 
g(x) =h(x)f”+‘(x) and n < N. These values of n are all that occur in (5), 
so they are the only relevant ones. 
(iii) Suppose now that 2 > 0. If 2 is not an odd integer, all J,(L) in 
(5) are convergent, by the lemma, as in (ii). This with (i) gives that J(n) 
is convergent. 
It 1, is an odd integer and i > N, the lemma gives similarly that all J,(1) 
in (5) are convergent ; so again J(n) is convergent. 
If E, is an odd integer and 1 <N, the lemma gives that J,(L) is divergent 
if n = ;1, L + 2, 1+ 4, . . . . this sequence ending with N - 2 if N is odd and 
N- 1 if N is even, while for the other values of n in (5) J,,(J) is convergent. 
The lemma also gives that the divergent J,(J) all diverge to 
(-1)(~p’)/2~, that is, to (-l)(‘-i)/2 co. So the divergent terms in (5) 
respectively diverge to (- l)‘( - l)(iP1)‘*oo, (- l)“+*( - 1)(1--1)‘2co, . . . . 
Thus they all diverge to ( - 1 )(i.+ ‘)j2 co, and so J(n) also diverges to this 
same expression. This proves (A) for A> 0. 
(iv) If 1~ 0 (and otherwise), J(L) = -J( -2) formally. Thus by (A) 
J(i) is convergent except if -2 is an odd integer and -2 < N; and in the 
divergent cases the divergence of -.I( -1) is to 
This proves (A) for 1” < 0. Finally, J(A) obviously converges if i, = 0, in 
agreement with (A). 
(v) As in (i), 
K(i) = c (- l)“K,(;1) + (- l)NS,(i), (8) 
n = 0 
where K,(1) and S,(n) are as in (6) and (7) with sin(Lx) replaced by 
cos(Lx). Again, as in (i), S,(n) is convergent; and (ii) holds unchanged 
except for the replacement of (5) by (8). 
The rest of the proof of (B) is just like that of (A). The only noticeable 
difference is in proving that K(0) is divergent. This follows from 
NxKflx) + sin(x)) d ~(xKf(x) + 11 G 2Mx)fb) 
for x z ~1, and the case n = 0 of the divergent integral in (ii). 1 
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EXAMPLE (1). Let m be a positive integer, f(x) = x”(~+ ‘jm, h(x) = 
x”(~ + ’ ). and CI = 2. Then 
I 2m 1 h(x) f”(x) dx = I 2a x -(n+m)l(m+ I)m dx 
which is divergent if n = m2 and convergent if n = m2 + 1. Writing 
and 
w)=j2m x 
cos(/lx) 
1/m + xl/Cm + l) sin(x) dx, 
we obtain from the theorem that El(A) is convergent except if 1 is an odd 
integer with 111 < m*, and that Fr(A) is convergent except if A is an even 
integer with 121 < m*. The case m = 4 includes the earlier illustration (2) of 
the theorem. 
EXAMPLE (2). 
E,(l) = j2m ln(x);;y;;n(x)) d . 
Here CI = 2, f(x) =x, h(x) = In(x), and N= 1. So E,(A) is convergent for all 
real A. 
EXAMPLE (3). 
E3(1) =j3m sin( Ax) x113 In(x) + sin(x) dx. 
Here a = 3, j(x) = x’j3 In(x), h(x) = 1, and N = 2. So E3(A) is convergent for 
all real A except A= +l. The divergence for A = 1 is in agreement with 
Theorem (1) of [ 1 ] which is quiet for A # 1. 
EXAMPLE (4). Let m be a positive integer, h(x)=x-‘I”, f(x) = 
xl’“’ In(x), N = m, and suppose a = 3. Then 
I 
m 
= 
3 
sin(Ax) 
In(x) + x-‘lm sin(x) 
dx 
is convergent except if A is an odd integer and 121 cm. 
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